uniform convexity of the norm in a Banach space. Stated in geometric terms, a norm is uniformly convex if whenever the midpoint of a variable chord in the unit sphere of the space approaches the boundary of the sphere, the length of the chord approaches zero. Clarkson [2, p. 403] has shown that for p>l the spaces Lp and lp are uniformly convex.
It is the object of this paper to consider a weaker type of convexity, which we shall call local uniform convexity. Geometrically this differs from uniform convexity in that it is required that one end point of the variable chord remain fixed. In section I we prove a general theorem on the product of locally uniformly convex Banach spaces and with the aid of this theorem we establish that the two notions are actually different. Section II is devoted to the investigation of the relationship between local uniform convexity and strong differentiability of the norm. In section III we investigate conditions for isomorphism of a Banach space with a locally uniformly convex space.
In his paper entitled Uniform convexity [5, p. 745] M. M. Day defines the notion of localuniform convexity near a point as follows: If ||j0|| =1,P is said to be locally uniformly convex near bo if there is a sphere about b0 in which the condition for uniform convexity holds. Geometrically this differs from uniform convexity in that the variable chord in the unit sphere is contained in a sphere about some point b0, whereas local uniform convexity (l.u.c.) as defined in definition 0.2 below requires only that one end point of the chord remain fixed. In Theorem 1 of his paper [5, p. 746] Day proves that if a space B is locally uniformly convex near a point b0, then B is isomorphic to a uniformly convex space. Hence local uniform convexity near a point b0 implies isomorphism of the space B with an l.u.c. space. However the example following Theorem 1.1 below shows that there exist l.u.c. spaces not isomorphic to any uniformly convex space, which shows that the notion of l.u.c. and Day's notion of local uniform convexity near a point are essentially different.
This paper is part of a thesis submitted in partial fulfillment of the requirements for the Ph.D. degree at the University of California. I wish to thank Professor R. C. James for the time and assistance he gave in the preparation of this paper. We now give several definitions. oo such that, for all x in B, ct-\\x\\ ^|| (V(x)||i = 6-||x |, where || ||i is the norm in Bx. Thus we can define a new norm in B, say | ||', where ||x||' = l| £/(x)||i, which is equivalent to the original norm. And conversely if a norm, || ||i, equivalent to the norm || ||, in B can be defined over the linear space B, then the normed linear space Bit which is the linear space B with norm || ||i, is isomorphic to the normed linear space B.
We now state Minkowski's inequality: If p>l and {an}, {bn} are sequences of real numbers for which 2Zn°-i| a"\P ant* 52"-11M p are nnite, then (Zr=1k"+&"|p)l'^(.ZKs.ikn|p)1/p + (Zn"-i|&n|p)1/p, and equality holds if and only if, for some />0, an = tb" for all n.
I. The product of locally uniformly convex Banach spaces. Let {Bn} be a sequence &i l.u.c. Banach spaces. Denote by || ||" the norm in B". Let P2(Bn) be the space of all sequences, x= {xn}, x" in Bn, for which 52™°=.ill*"!!" is convergent.
Let || || be the norm in P2(B") where ||x|| =( 53n°.i||^n||n)1/2-It is readily verified that P2(Bn) is a Banach space. 2^ \\x + yP\w + II** + yP.k\\ )
= ( E (ll*lk + II/.II,)2 + (11**11 + Il3-P.*ll)2)1/2 (eji*iii+11*41^ V (eiwi: + imi2)1'2 = 11*11 +IWI =2.
Thus ||x+yp||g(i:Ll(|k"||" + ||y;||n)2 + (||x,||+||yp,4|)2)'/2 = 2. Since by hypothesis limp^llx+ypH =2, we have I™ (i: (ii*"ii»+n/pii»)2+(11**11 + ik.*iD2Y'2 = 2.
Now, for each n, {||;y"||n} is a bounded sequence of real numbers, since ||yp||2 = l, and hence ||yp||^l for all p. Hence by diagonalizing we can determine a sequence oi p's for which there exists lim3,_00||;y"||n = a", for each n. Also »~" ll*il«o ll^piUo »o Therefore lim supp^||x"»+y;o||nog (2 -5no) • ||x»°||"0. Now ||x+y"|| g ( Z*«i||*n +tfl|i!)1" + IWI+l|yj..*ll-Therefore
Letting & approach infinity, we have
But this contradicts the assumption that limply x+yp|| =2. Consequently limp^"||x-y"|| =0, and P2(Bn) is l.u.c. Q.E.D.
We now give an example of a Banach space which is l.u.c. but is not isomorphic to any uniformly convex space.
Consider the sequence {P"}, n = 2, 3, • • • , of Banach spaces where Bn is the w-dimensional space of points (n X l/n E I bnj\n) The l.u.c. product of l.u.c. Banach spaces. We now give a generalization of Theorem 1.1. Let B be a Banach space of sequences of real numbers such that if y = |y" I is in B and x = {x"} is a sequence of real numbers with \xn\ 11 yn| for each n, then x is in B. Let A be a norm on B with the following properties:
1. B with norm N is l.u.c. The proof that P is a Banach space presents no difficulties, so we omit it. In the case where Bn is l.u.c. for each n we have Theorem 1.2. The l.u.c. product of l.u.c. Banach spaces is l.u.c.
The proof of Theorem 1.2 is analogous to the proof of Theorem 1.1, so it will not be given here.
One might ask whether there exists a theorem analogous to Theorem 1.2 for uniformly convex Banach spaces. Specifically one might consider the product of uniformly convex Banach spaces and take the norm in the product space to satisfy all the conditions of Theorem 1.2 and in addition have the property of being uniformly convex for a Banach space of sequences of real numbers. However, the example immediately following Theorem 1.1 shows that such a theorem does not exist, since l2 is uniformly convex and the norm in l2, being ( 2^™-i| *"l 2)"2> satisfies all the conditions of Theorem 1.2.
We do however have the following result on the product of uniformly License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use convex spaces due to M. M. Day. If {P"} is a sequence of uniformly convex Banach spaces, then given e>0, there exists for each P" a positive number 5"(e) such that x", y" in P", ||xn||n = ||yn||" = l, and ||xn-yn||n>« implies ||xn+yn||"<2(l -5"(e)). The sequence {P»} is said to have a common modulus of convexity [4, p. 504] if there is one function 5(e) >0 which can be used here in place of all 5n(e). Define Pp(Bn), Kp< oo, as in Theorem 1.1 above, except now let P" be uniformly convex for each »=1, 2, • ■ ■ and for x= {xn} in Pp(P"), ||*|| =(Zn°,i||*n||n)1/p< °°-Day [4, p. 505] has proved the following theorem: B = PP(B") is uniformly convex if and only if the P" have a common modulus of convexity.
II. Differentiability of the norm in a Banach space. We shall now consider some relationships between local uniform convexity of the norm and differentiability of the norm in a Banach space. In what follows, B will denote an arbitrary Banach space. Definition 2.1. The sequence {x"}, x" in B, \\xn\\ =1, is an extremal sequence for/ in B if, and only if, limn<0</(Xn) exists and | lim,*..*/^,,)! =||/||, where B is the adjoint space of P. Definition 2.2. The norm in B is weakly differentiable at x0 in B if, and only if, limA_0(||*o+^*|| -||x0||)/A exists for every x in P. If the convergence to the limit is uniform in the unit sphere, ||x|| = 1, of B, the norm is said to be strongly differ entiable at x0. If the norm inP is everywhere strongly differentiable and the convergence to the limit is uniform with respect to x0 and x when ||x0|| =1 and ||x|| gl, then the norm is called uniformly strongly differentiable.
The following theorem and corollaries were given by V. Smulian [8, p. 
644].
Theorem 2.1. Letfo be in B, ||/0|| =1. Then, for strong differentiability of the norm in B at f0, it is necessary and sufficient (n.a.s.) that the following condition be satisfied:
For every extremal sequence {x"} of f0 and every f in B with ||/|| = 1, the sequence {/(x") -/o(x")} converges uniformly to a limit not depending upon the choice of extremal sequence, {x"}.
Corollary
1. For the strong differentiability of the norm in B at the point /o, ||/o|| =1, it is n.a.s. that the following condition be satisfied:
From limn,"/0(xn)=||/0||, ||xn|| =1, it follows that limm,n,00||xm -xn|| =0.
Corollary 2. For the strong differentiability of the norm in B at the point x0, ||xo|| =1, it is n.a.s. that the following condition be satisfied:
From limn<oc/n(x0) =||x0||,/" in B, \\fn\\ = I, follows limOT,n<00||/m-/"|| =0. Smulian [8, p. 648] has shown that the norm in B is uniformly strongly differentiable if, and only if, the adjoint space B is uniformly convex. We make use of Theorem 2.1 and Corollaries 1 and 2 to establish similar relation-ships between strong differentiability of the norm and local uniform convexity. It is easily seen that if B is l.u.c, then B is weakly l.u.c. It has been shown by V. Smulian [7, p. 92 ] that if linear functionals attain their maximum on the unit sphere of B, then for B to be strictly convex it is n.a.s. that the norm be weakly differentiable in B. This will be used in the following theorem, as well as the evident fact that if B is strictly convex, then Xo in B, ||x0|| =1, and/, g in B with/(x0) =||/||, g(*o)=||g|| implies that f = c-g where c>0.
Theorem 2.6. If Therefore ||x|| g||*||i^(l+2?2)1'2-||x||.
So || ||i is equivalent to || ||. We now show that B with norm |[ ||i is l.u.c.
Let x= E<°>.*» ||*||i=(||*||2+Er.i(a,/2i)2)l'2=l.
/ -i »*** ii/ii, = (u/ir + i (I)2)1'2 = i, P = i, 2,3,.
•.. Let limp,"||x+y!'||i = 2. We must show that (1) lim ||x -y"||i = 0. (2) |/(y") -f(x)\ ^r>0.
As before, we can find a subsequence of this sequence for which limP.0O||y?' = x|| and l\mp^bp = a{, i=l, 2, ■ ■ ■ . Now ||yp||=|| H"-A*; + X"-»+i^i = ZT-»+16f*i||-||Zi"-i^l|, a"d so || Y.t-n+ AP*iNIIHI +11 Ei-.6f*«|. Therefore, lim sup^l/t£<"-»+A"*.)| S||/||n+1-(||*||+|| Z£ia,*<||). Hence
